The effective action of a Higgs theory should be gauge-invariant. However, the quantum and/or thermal contributions to the effective potential seem to be gauge-dependent, posing a problem for its physical interpretation. In this paper, we argue that in a Higgs theory, perturbative contributions should be evaluated with the Higgs field in the polar variable basis, not in the Cartesian basis. As a check we evaluate the one-loop contributions in the covariant gauge in the polar basis and show that the resulting contributions to the effective action are gaugeinvariant and in agreement with the results from the unitary gauge. In particular, the effective potential is gauge invariant. With a field redefinition, we obtain the physical effective potential.
Introduction
Effective action plays a very important role in quantum field theory, especially in theories with spontaneous symmetry breakings. For example, we have in mind the inflationary phase (at T = 0) or the electroweak phase transition (T = 0) in the early universe, where space-time dependence plays a prominent role. In these and other important physical applications, the knowledge of the effective action (not just the effective potential) is crucial.
The classical action must be corrected by quantum effects (and by thermal effects at finite temperature). Many calculations of such quantum/thermal effects have been carried out for the effective action [1] . The effective potential term inside the effective action has received the most attention. Since different gaugefixings were used in the literature, resulting in different formulae for the effective potential term [2] , it is not clear which are the appropriate formulae to use.
After the inclusion of quantum effects, the effective action of a Higgs theory must preserve the original global and local symmetries of the classical theory. The effective action must obey the original global symmetry of the theory so that the (would-be) Goldstone bosons will remain massless after spontaneous symmetry breaking. Gauge invariance must be preserved so that the Higgs mechanism can proceed. Using these criteria, we shall re-examine the effective action in various gauges.
In this paper, we shall make the following simple observation. It is an elementary fact that a problem with rotational symmetry should be tackled using polar coordinates, not Cartesian coordinates. To determine the effective action of a Higgs theory, perturbation expansion should be carried out in terms of appropriate polar variables. The unitary gauge, and the covariant gauge with the Higgs field in the polar basis are thus appropriate, but the usual covariant and R ξ gauges [3] are not.
First we show that the R ξ gauge and its variations are poor choices to use in the effective action calculations because the R ξ gauge-fixing breaks the global symmetry of the theory. As a consequence, the effective potential and other terms in the effective action are no longer globally invariant. Furthermore, mixed propagators cannot be avoided in any practical calculation, as illustrated explicitly by the one-loop correction to the effective potential. This removes the main motivation for the R ξ gauge. Since the breaking of global symmetry is a consequence of using the R ξ gauge, it can be avoided if we use another gauge which preserves this symmetry.
Next, let us consider the gauge invariance condition. The key issues are very similar in both the Abelian and the non-Abelian Higgs theories at both zero and finite temperatures. To be specific, let us consider the Abelian Higgs theory (i.e., scalar QED) at zero temperature. The effective action is expected to have the following form:
where the Higgs field is expressed in Cartesian variables φ i , with φ 2 = φ . Not displayed are terms that involve higher powers of A µ (x) and/or higher derivatives. As the Z 2 [φ]-term has two derivatives and is explicitly gauge-invariant, it must be, apriori, included in (1) . When gauge-fixing is necessary, we shall use the covariant gauge, which preserves the global symmetry of the theory. The gaugefixed effective action Γ cov [ φ, A µ ] is now defined as the sum of Γ[ φ, A µ ] given in (1) and the gauge-fixing term
Also, any ghost term will be absent since we do not introduce ghost background
, that we are interested in. Let us consider the classical limit of Γ [ φ, A µ ] first. In this limit, all
, which is zero. The classical action is invariant under the gauge transformation, with φ(x) = φ 1 (x) + iφ 2 (x),
We have argued that Γ [ φ, A µ ] must be (globally) U(1)-invariant and gaugeinvariant. This means that all the Z i [φ] and V [φ] are U(1)-invariant, and so they are also trivially gauge-invariant. Invariance of Γ [ φ, A µ ] under the gauge transformation (3) then implies the following conditions: shows that the ξ-dependence comes from the wouldbe Goldstone boson mass m G . At the minimum of the effective potential, m G vanishes and the ξ-dependence drops out. Away from the minimum, the nonvanishing m G brings in the ξ-dependence. As we shall explain, this is an artifact of the Cartesian (φ 1 , φ 2 ) basis. How to circumvent this problem? The solution is suggested by the presence of Z 2 [φ]. As Z 2 [φ] is non-zero, the kinetic terms in Γ [ φ, A µ ] are no longer of the canonical form in the (φ 1 , φ 2 ) basis. However, in terms of the polar variables (ρ, χ) which are related to the (φ 1 , φ 2 ) basis through
Thus both scalar kinetic terms in Γ [ φ, A µ ] appear naturally in the polar basis.
As the would-be Goldstone boson is always massless in the polar basis, the ξ-dependence problem disappears. These observations clearly suggest that the polar variables should be used in the perturbative calculations of the effective action. When the one-loop contributions are calculated in the polar gauge (short for the covariant gauge in the polar basis), we find that Γ [ φ, A µ ] is both passively and actively gauge-invariant, i.e. all the Z i [φ] and V [φ] are ξ-independent and (4) holds. Thus the effective action calculated in the polar basis satisfies the imposed criteria. We may express Γ [ φ, A µ ] in the polar basis
where (4) ∂ µ χ can be introduced in the generating functional, instead of separate sources for A µ and χ. Not surprisingly, this brings us to the unitary gauge. In this gauge, both B µ and ρ are invariant under the gauge transformation (3), so the source terms for B µ and ρ are also gauge invariant. Also, it is well-known that only physical degrees of freedom have quantum fluctuations, and no gauge-fixing is necessary in this case. So the resulting Γ[φ, A µ ] is by definition gauge-invariant. As expected, the oneloop contributions in the unitary gauge agree with that from the covariant gauge calculations in the polar basis. Note that the gauge boson propagators in the unitary gauge and in the polar gauge are different (in particular their asymptotic behaviors). So agreement between the two calculations provides a non-trivial check. In the polar gauge, we can see explicitly how the ξ-dependence drops out in Γ[φ, A µ ]. On the other hand, calculations in the unitary gauge are simpler.
As we have seen, Z ρ [ρ] is non-trivial in general. To define the physical effective potential, we introduce a field redefinition so that the resulting Z ρ is 1. In terms of this new Higgs field, the resulting effective potential should be the physical effective potential that measures the energy density in the universe. As an illustration, we show how the Higgs mass is determined from the potential and compare the result to that obtained from standard perturbation theory.
The plan of this paper is the following. In Sec. 2, we briefly review how to calculate the various Z i [φ] and V [φ] in the effective action. In Appendix A, we give a brief discussion of both the Goldstone and the Higgs theorems. In Sec. 3, we argue why the R ξ gauge is a poor gauge choice for the determination of Γ[φ, A µ ]. To illustrate this point clearly, we review, in Appendix B, the oneloop contribution to the effective potential in the R ξ gauge for the Abelian Higgs model. In Sec. 4, we give the one-loop contribution to Γ[φ, A µ ] in the covariant gauge in the (φ 1 , φ 2 ) basis (ignoring four and higher derivative terms). Details of the calculations are given in Appendices C and D. In Sec. 5, we give the corresponding result for the polar gauge. Appendix E gives the Feynman rules in the polar and unitary gauges. In Sec. 6, we briefly review and comment on the unitary gauge. In Sec. 7, we discuss the field redefinition needed to obtain a physical effective potential. In Sec. 8, we generalize our earlier discussion to the SU(2) non-Abelian Higgs theory. Sec. 9 contains a brief discussion of the finite temperature case. Sec. 10 contains concluding remarks.
Preliminaries
Let us briefly review [1] how to calculate quantum corrections to the various Z j [φ] and the effective potential V [φ] inside the effective action Γ [φ] . Consider a set of the scalar fields φ i in some theory. Suppose they fluctuate around some constants
then the effective potential V [φ] can be Taylor-expanded around υ i ,
where
Now we can determine V [φ] by calculating V (υ), which is given by the oneparticle irreducible (1PI)) pure-loop diagrams; alternatively, we can calculate
given by the 1PI tadpole diagrams, and perform an integration. One may also use ∂ i ∂ j V (υ), given by the zero-momentum 1PI two-point functions, and then integrate twice . . . . This procedure is well-known. In particular, the 1-loop correction V 1 (υ) to the effective potential can be calculated using the formula
where iD −1 (υ) is the quadratic part of the shifted Lagrangian. Fermionic contributions carry an additional minus sign. In this paper, dimensional regularization is used throughout.
Analogously, one can expand any
For example, keeping the lowest term after this expansion, the
Here Z 1 (υ) can be calculated from the appropriate 1PI two-point diagrams, keeping only the terms that are quadratic in external momenta. Of course, the actual perturbative calculations are sometimes complicated by the need of gauge-fixing.
If V [φ] has a particular global symmetry, the determination of V [φ] simplifies substantially: all we need to do is 1) choose υ 1 = 0 , υ i = 0, for i = 2, ..., n, where these n scalars form a multiplet of the global symmetry; 2) calculate V (υ 1 ), the pure-loop diagrams, and 3) replace υ 2 1 everywhere inside V (υ 1 ) by the globally symmetric φ 2 (x) to obtain V [φ]. However, there is one essential subtlety about the calculations of Z's. There are, in general, two scalar field kinetic terms compatible with the global symmetry, and their coefficients Z j [φ] are apriori different. To properly separate Z 1 (υ) from Z 2 (υ) when these coefficients are calculated from 1PI two-point diagrams, more than one υ i should be kept non-zero.
R ξ Gauge and Global Symmetry
Suppose the Higgs theory has certain global symmetry. In the absence of anomalies, we expect the corresponding effective potential V [φ] to have that global symmetry as well. To argue this point, let us note that the effective potential at the classical level certainly has the global symmetry of the theory. After spontaneous symmetry breaking, there are (would-be) Goldstone bosons corresponding to the generators of the broken symmetries. By Goldstone's theorem, the Goldstone bosons remain massless after the inclusion of quantum effects. This implies that the quantum contributions to the effective potential must have the same global symmetry. Otherwise, some of the (would-be) Goldstone bosons will no longer be massless after spontaneous symmetry breaking, thus violating the Goldstone theorem and ruining the Higgs mechanism. Appendix A gives a more detailed discussion on this point. In light of this discussion, R ξ gauges are clearly unsuitable for the effective action calculations, since they break the global symmetry of the theory. Let us discuss this in more details. We start with the Abelian Higgs Lagrangian (counterterms suppressed),
Introducing the fluctuating fields via Eq. (7), we impose the R ξ gauge-fixing
where u 1 and u 2 are some constants. The 1-loop contribution V R ξ ,1 (υ i , u i , ξ) to the effective potential was given in Ref. [4] and is reviewed in Appendix B. Here we would like to make just a few remarks on that result:
we should keep both υ 1 = 0 and υ 2 = 0 in our calculations. If we set υ 2 = u 2 = 0 (as done in [5] ) and calculate
To find this dependency, one has to evaluate ∂ (
, all υ i are elevated to φ i , while u i 's should be left untouched. If one wants to avoid mixed propagators in the Feynman diagram calculations (this was the original motivation for the R ξ gauge), one sets u i = υ i (as done in [6] , where u 2 = υ 2 = 0). This prescription leaves one with an ambiguous V R ξ (υ i , ξ) with some υ i 's being part of the scalar field and thus elevated to φ i and some not. To find out which υ i in V R ξ (υ i , ξ) should be elevated to φ i one must evaluate higher-point diagrams such as ∂ i V etc. This calculation is clearly quite involved. In practice, it is a lot easier to allow mixed propagators so one may determine
(c) In the background field method [7] , the one-loop contribution still breaks the U(1)-invariance.
(d) In the modified R ξ gauge of [8] , U(1)-invariance is again broken.
(e) It is clear that if we set u i = 0 (or ξ = 0) in (12) , the resulting V R ξ (υ i ) is U(1) invariant. But then this is simply the covariant gauge result. In general, covariant gauge obeys the global symmetry of the theory.
Effective Action in Covariant Gauge
The effective action should maintain both the global and local symmetries of the classical theory. After spontaneous symmetry breaking, we need this gauge symmetry to gauge away the (would-be) Goldstone bosons, i.e., the Higgs theorem is valid even at the quantum level (see Appendix A). Also, perturbative quantum effects are not expected to destroy the topological properties of gauge theories (e.g., the Aharonov-Bohm effect for U(1) gauge theory and instanton effects for non-Abelian gauge theories). Since gauge invariance is crucial for the topological properties, the effective action after quantum corrections must be gauge-invariant.
Let us turn to the Abelian Higgs model in the covariant gauge. To carry out perturbative calculations, we must introduce a gauge-fixing term with the gauge parameter ξ. Since the effective action is expected to be globally U(1)-invariant, we can write the gauge-fixed effective action Γ cov [φ, A µ ] in the form
where the effective action Γ[φ, A µ ] is given in Eq.(1) and the gauge-fixing term
will be calculated perturbatively. The Feynman rules are well known and given in Appendix C for the sake of completeness. There is one point that we need to emphasize. To separate Z 1 [φ, ξ] and Z 2 [φ, ξ], we need to keep both υ 1 and υ 2 non-zero. This leads to mixed scalar propagators (which also mix with the gauge field propagator). As we shall see, the appearance of mixed scalar propagators is a clear signal that the (φ 1 , φ 2 ) basis is not the appropriate basis.
It is straightforward to evaluate the one-loop contributions. Some of the relevant results are summarized in Appendix D. The effective potential in the covariant gauge can be obtained from that in the R ξ -gauge by setting The presence of Z 2 [ρ] suggests that the Lagrangian density of the Abelian Higgs theory should be written in the (ρ, χ) basis, where
The corresponding kinetic terms are given in Eq.(5). This further suggests that perturbative expansion should be carried out in the polar basis. In this basis the ρ-mass is simply the Higgs mass m H , while the (would-be) Goldstone boson χ is always massless even when we move away from the minimum of the potential.
In terms of the polar variables, we see that the Goldstone mass m 2 G in the (φ 1 , φ 2 )-basis is given by
i.e. m 2 G is proportional to the first derivative of the effective potential. Away from the minimum of the potential m 2 G is non-zero and the above problem with ξ-dependent masses m ± (14) appears. Since V (ρ) is U(1)-invariant at or away from the minimum of the potential, there should always be a massless mode, as is the case in the polar basis. This means that m 2 G in Eq. (16) is unphysical. Since one has to move away from the minimum in order to calculate the effective action, the polar basis is the correct basis to use, not the (φ 1 , φ 2 ) one. This argument also applies to theories with only global symmetries.
Polar Gauge
Using (5) and (15), the Langrangian density of the Abelian Higgs theory in the polar gauge (i.e., the polar basis in the covariant gauge) is
Here the Faddeev-Popov (fermionic) ghostsc and c come from the Jacobian
and have no kinetic term. The ghostsf and f come from the covariant gauge-fixing. The gauge-fixed effective action is
After the shift ρ → ρ + υ, the inverse (χ, A)-propagator becomes:
where a, b = χ, µ = χ, 0, 1, 2, 3. The Higgs and ghost inverse propagators are trivial. Feynman rules in this gauge are given in Appendix E. Using (9) it is easy to evaluate V 1 [ρ] :
Up to irrelevant constants, V 1 (υ) is ξ-independent. The k 4 υ 2 factor from the matter fields is cancelled by the last two terms coming from the ghosts, leaving behind only the physical degrees of freedom. In contrast, in the (
which was the source of all problems with that basis.
So we obtain the effective potential:
where µ 2 is the renormalization scale. To evaluate Z ρ [ρ], let us first consider the 1PI two-point ρ -function Σ(p), the p 2 -term of which determines Z ρ (υ). Its one-loop contributions are
where the prime denotes that p µ -independent diagrams are omitted. D H is the Higgs propagator and D ab is the (χ, A)-propagator (i.e. the inverse of D 
where proper mirror reflections of the above diagrams must be included. Diagram (a) corresponds to the first term of (22), diagrams (b − h) correspond to the second term. Individual diagrams (b − h) are ξ-dependent. To see that (22) is ξ-independent, let us note first that the ξ-dependence in (22) appears only in the (χ, A)-propagator D ab . We may write D ab (k) as
where D
ab is block-diagonal and the ξ-dependence is made explicit. Note that iD ab (k) is hermitian. Keeping track of the momentum direction, we have
So the ξ-dependence in (22) drops out and we are left only with
As a result, only diagrams (a, b, c, d) contribute to Eq. (22), which now becomes
where d is a space-time dimension. The p 2 -term of (27) gives Z ρ (υ). In essentially the same fashion, the ξ-dependence in Z 1 (υ) also drops out. It is straightforward to check that Z 1 (υ) = Z 3 (υ) = Z 4 (υ). Finally, to one loop we have
where µ 2 is the renormalization scale. It is obvious that after Γ [ φ, A µ ] is calculated in the polar basis, it can be expressed in any basis we want.
In the polar gauge, the Goldstone boson χ is always massless, at or away from the minimum of the effective potential. So the Higgs mechanism can take place whenever υ is non-zero. As a consequence, the ξ-dependence drops out in the Γ [ φ, A µ ] calculations.
Unitary Gauge
With the gauge invariance condition (4), independent calculations of
and Z 4 [ρ] are clearly redundant. To avoid this redundancy, let us introduce the combination
which brings us to the unitary gauge Lagrangian :
In this case, a single source term for the combination B µ can be introduced in the generating functional, instead of separate sources for A µ and χ. In the unitary gauge, both B µ and ρ are invariant under the gauge transformation (3), so the source terms for B µ and ρ are gauge invariant. Also, it is well-known that only physical degrees of freedom have quantum fluctuations, and no gauge-fixing is necessary in this case. So the resulting Γ[φ, A µ ] is by definition gauge-invariant. The one-loop contribution to the effective potential in the unitary gauge has been calculated long ago [4, 6] : 
where D H is the Higgs propagator and D 28) agrees with that in [9] . As expected, Z 1 [ρ] is also the same in both gauges.
It is interesting to compare these two gauges. Gauge-fixing is necessary in the polar gauge; so, to obtain Γ[ φ, A µ ], we must remove the gauge-fixing term 18). The advantages of the polar gauge are that we can explicitly see how the ξ parameter disappears in Γ[ φ, A µ ], and that the asymptotic behaviors of the gauge-Goldstone boson propagators are clearly renormalizable. On the other hand, there is no gauge-fixing in the unitary gauge; so, here we calculate Γ[ φ, A µ ] directly, without the gauge-fixing term to worry about. However, asymptotic behavior of the gauge boson propagator is not obviously renormalizable. So the agreement in the one-loop calculations in the two gauges provides a valuable check.
Physical Effective Potential
As we have seen, the kinetic terms in the effective action no longer maintain their original canonical forms, i.e., Z i are not unity. To define the physical effective potential that measures the energy density in the universe, a field redefinition is necessary. The Higgs field in the effective potential should be redefined so that its kinetic term recovers its original canonical form. The effective potential in terms of this new dressed field should be the physical effective potential.
To illustrate this point, let us consider for the moment the Lagrangian of a point particle in classical mechanics. Here the potential U(x) measures the potential energy of the particle. Now, let us consider x = f (y), where f (y) is a well-behaving function. The action can be written as
Of course, the theory is the same in either coordinate, although x-coordinate is clearly the natural and most physical choice. In the y-coordinate, we need to know V (y), as well as the function f (y) or, equivalently, Z(y). Starting in the y-coordinate, the potential U(x) cannot be determined from V (y) alone -knowledge of Z(y) is also neccessary. Now let us go back to the Higgs theory case where the situation is completely analogous. A new (dressed) field σ(x) as a functional of ρ(x) can be introduced, such that Z σ [σ] = 1. In the small momenta regime, U[σ] determined by V [ρ] and Z ρ [ρ] is the physical effective potential. One may use it to calculate physical masses, critical temperature and other physical quantities.
Let us introduce the dressed field σ(x)
Now, the physical effective potential is the effective potential expressed in terms of this dressed field σ(x)
For the spontaneous symmetry breaking case, m 2 is negative. As an illustration, let us see how U[σ] is related to the physical Higgs mass. Let the vacuum expectation values be ρ = υ and σ = ω. Let us first assume that the higher derivative terms in the effective action can be ignored. Then
where ω min and υ min are determined by
If the Higgs mass is not small, we must include the effects of the higher derivative terms in Γ[φ, A µ ]. Recall that the 1PI Higgs two-point function gives
where Y (p 2 , υ) ∼ O(p 4 ) and stands for the relevant higher derivative terms. In the polar gauge, Y (p 2 , υ) is gauge-invariant and finite; at one-loop, no regularization is necessary. Looking for the Higgs mass as a pole in the propagator in the momentum space, we have
To compare this result with that from the standard perturbation theory, let us introduce the following notations: To orderh, the minima of V (υ) and U(ω) are shifted by υ 1 and ω 1 correspondingly, with
and
The last term corresponds to the second diagram :
is the inverse scalar propagator at zero momentum and V ′ 1 (υ 0 ) is clearly the tadpole itself. This is simply the result derived in [10] , where the gauge invariance of m 2 H, 1 is clearly shown.
SU (2) Higgs Theories
The generalization of the previous discussions to the non-Abelian Higgs theories is quite straightforward.
Here let us consider the SU(2) theory with a fundamental Higgs. This theory occurs in the standard electroweak theory if we set the Weinberg angle to zero. It is convenient to write the complex Higgs doublet as a quadruplet of real scalar fields with an SO(4) symmetry, φ = (φ 0 , φ 1 , φ 2 , φ 3 ) and
We choose i T a to be real and antisymmetric 4 × 4 matrices (e.g., In the polar basis (ρ, χ a ), where
the kinetic term becomes
The Lagrangian density then becomes
Note that this polar basis is different from the more conventional (ρ, λ a ) basis, given by
or, in the more conventional doublet notation,
If we write λ a (x) =n a (x) ǫ(x) wheren 2 = 1, then it is easy to check that
To one-loop, we have
Finite Temperature
By now, it should be obvious that the one-loop contribution to the finite temperature effective potential V β [ρ] is also gauge-invariant. The V β [ρ] is obtained when we convert the four-momentum integration in Eq.(20) to a three-momentum integration and a sum over the Matsubara modes (in the imaginary time formalism) [11] [12] ,
Up to irrelevant constant, the integrand in Eq. (20) is ξ-independent. This means that the V β [ρ] is gauge invariant, and is exactly the same as that in the unitary gauge [12] . Clearly, the same gauge invariant argument applies to the various finite temperature Z β i [ρ] . Of course, the presence of the heat bath four-velocity introduces additional invariants in the finite temperature effective action [13] . The critical temperature (in the high temperature regime) determined from the unitary gauge was shown to agree with that determined from other gauges [14] .
Concluding Remarks
It is an elementary fact that a problem with rotational symmetry should be tackled using polar coordinates, not Cartesian coordinates. All Higgs theories have rotational symmetries, so any perturbation expansion should be carried out in the appropriate polar variable basis.
What is wrong with the Cartesian basis? The problem stems from the unphysical degrees of freedom with gauge-dependent masses which are always present in the Cartesian basis and thus bring gauge-dependence into the effective action. These gauge-dependent masses turn to zero when the would-be Goldstone bosons mass vanishes. So, if we carry out the perturbation expansion around the minimum of the effective potential, where the would-be Goldstone bosons are massless, the gauge dependence drops out. This explains why usual gauges in Cartesian basis are acceptable choices for the perturbation expansion around a stable point of the theory.
The would-be Goldstone bosons are always massless in the polar basis, no matter whether we sit at the minimum of the potential or not (and we have to move away from the minimum in order to determine effective action). Physically, the gauge bosons become massive whenever the vacuum expectation value for the scalar field is non-zero. For the Higgs mechanism to work, this requires the would-be Goldstone bosons to be massless, at the minimum or away from it. Thus the polar basis should be used for the effective action calculations, while any basis is good for the perturbative calculations around the minimum of the potential.
Even in the pure complex scalar theory, the effective potentials obtained from the Cartesian and the polar bases are different. Again, the difference comes from the non-zero Goldstone boson mass in the Cartesian basis. Our argument implies that for theories with only global symmetries, the appropriate polar bases give reliable results.
Appendix A
Here we present a brief discussion of the Goldstone and the Higgs theorems. Consider the generating functional Z[J a ] of connected diagrams and the corresponding effective action Γ [ψ a ]:
The inverse propagator is given by
Now, variations of the sources can be expressed in terms of the inverse propagators and variations of the fields,
For the Abelian Higgs theory, ψ a = (φ i , A µ ). Under an infinitesimal gauge transformation θ(x), δ ψ a (x) become
In the limit J a → 0, and δJ a → 0, spontaneous symmetry breaking takes place when φ developes a non-zero vacuum expectation value. We may take φ 1 = υ and φ 2 = 0. In this case, the Fourier transforms of δ J 2 (x) and δ J µ (x) are given by
Note that for the pure complex scalar theory, θ is a non-zero constant and (56) reduces to D 22
At zero momentum, this is simply m 2 2 υθ = 0. When υ = 0, this equation implies that φ 2 describes a massless Goldstone boson. This is the proof of the Goldstone theorem due to Jona-Lasinio [15] . Writing Γ [ φ, A µ ] of the Abelian Higgs theory in the form given in Eq.(1), Eqs.(56),(57) become, for small momenta,
where terms with higher powers in momenta have been dropped. Since Γ [ φ, A µ ] is gauge-invariant, i.e., Z 1 (υ) = Z 3 (υ) = Z 4 (υ), (which follows from the gauge invariance condition (4)), we have m A = gυ and m 2 = 0, as expected. This means the gauge boson is massive when υ = 0. This is the Higgs theorem. To obtain the physical gauge boson mass, we must go to the pole of the propagator (sitting at the minimum of the effective potential). Using the Lagrangian (45) given in Sec.8, the generalization of the above argument to the SU(2) non-Abelian Higgs theory is straightforward.
The Feynman rules of the shifted Abelian Higgs model in the covariant gauge, (φ 1 , φ 2 ) basis ( here we follow the convention of Ref. [16] ):
Propagators:
Vertices: Table 1: where
Appendix D
One-loop correction to the effective potential in the covariant gauge, (φ 1 , φ 2 )-basis, is simply given by the u 1 = 0 , u 2 = 0 limit of (66): 
Contributions of these diagrams are summarized in the following table:
